Abstract. Let G be a group and k a field of characteristic zero. We prove that if the Farrell-Jones conjecture for the K-theory of R[G] is satisfied for every smooth k-algebra R, then it is also satisfied for every commutative kalgebra R. We apply this and a theorem of Carlsson-Goldfarb to show that the conjecture is true for G geometrically finite of finite asymptotic dimension and R a commutative Q-algebra.
Introduction
Let G be a group; a family of subgroups of G is a nonempty family F closed under conjugation and under taking subgroups. A G-space is a simplicial set together with a G-action. If F is a family of subgroups of G and f : X → Y is an equivariant map of G-spaces, then we say that f is an F -equivalence (resp. an F -fibration) if the map between fixed point sets
is a weak equivalence (resp. a fibration) for every H ∈ F . A G-space X is called a (G, F )-complex if the stabilizer of every simplex of X is in F . The category of Gspaces can be equipped with a closed model structure where the weak equivalences (resp. the fibrations) are the F -equivalences (resp. the F -fibrations), (see [3, §1] ). The (G, F )-complexes are the cofibrant objects in this model structure. By a general construction of Davis and Lück (see [7] ) any functor E from the category Z-Cat of small Z-linear categories to the category Spt of spectra which sends category equivalences to weak equivalences of spectra gives rise to an equivariant homology theory of G-spaces X → H G (X, E(R)) for each unital ring R. If H ⊂ G is a subgroup, then H G * (G/H, E(R)) = E * (R[H]) (1.1) in the second. Hence for each G-space X, we have a presheaf of spectra on Sch k S → H G (X, K(S)).
Any equivariant map f : X → Y induces a morphism of presheaves H G (f, K(S)). Our hypothesis says that for f as in the theorem and S smooth affine, the natural map H G (f, K(S)) is a weak equivalence; we would be done if we could prove that H G (f, K(S)) is a weak equivalence for all S ∈ Sch k . There is a Grothendieck topology on Sch k , Voevodsky's cdh-topology, with respect to which every scheme S is locally smooth (here we use that char(k) = 0). Hence our hypothesis says that H G (f, K(S)) is a local weak equivalence; we want to show that it is a global weak equivalence. To do this we need some results from the theory of presheaves of spectra and Grothendieck topologies. Given a category C with a Grothendieck topology t there is a model category structure on the category of presheaves of spectra on C where the weak equivalences are the t-local weak equivalences, and is such any weak equivalence between fibrant presheaves is a global weak equivalence. In particular any t-local weak equivalence S → T induces a global weak equivalence S t → T t between fibrant replacements. Thus in our case we have that H G (f, K(S)) cdh is a global equivalence. Let
We have a map of fibration sequences
We know that the rightmost vertical map is a weak equivalence, and we want to show that the same is true of the vertical map in the middle. By the five lemma, it suffices to show that the leftmost vertical map is a weak equivalence. There is a similar sequence with cyclic homology substituted for K-theory, and we prove in Theorem 5.7 that for every G-space X and every S ∈ Sch k there is a weak equivalence
(1.7) Here the cyclic homology HC is taken over Z.
We prove in Proposition 6.3 that if F contains all the cyclic subgroups of G and f : X → Y is a F -equivalence of G-spaces, then the induced map
is a weak equivalence for all S ∈ Sch k . This concludes the proof. The rest of this paper is organized as follows. At the beginning of Section 2 we recall some basic notions about presheaves of spectra which we shall need. These include the notion of descent with respect to the Zariski, Nisnevich, and cdh topologies. Each of these topologies is generated by a class of cartesian squares in
closed under isomorphisms; such a class is called a cd-structure. A presheaf E of spectra satisfies descent with respect to the square (1.9) if it sends it to a homotopy cartesian diagram of spectra. If P is a cd-structure, we say that E satisfies descent with respect to P if it satisfies descent for every square in P . If P is any of the cd-structures considered in this paper, descent with respect to P is equivalent to descent with respect to the topology t P generated by P . At the end of the section we recall some basic notions from the theory of dg-categories, including the definition of the pretriangulated dg-category Perf S associated to a scheme S. Section 3 is concerned with descent properties of functors from dg-categories to spectra which are Morita invariant and localizing (such as, for example, K-theory and cyclic homology and its variants). We prove in Theorem 3.2 that if E is such a functor and A is a dg-category over k, then S → E(S ⊗ k A) satisfies descent with respect to those cartesian squares (1.9) such that i is a regular closed immersion of pure codimension d and p is the blow-up along i. In Section 4 we introduce equivariant homology with scheme coefficients. We show in Subsection 4.2 that any Morita invariant functor E from dg-categories to spectra gives rise to an equivariant homology theory of G-spaces H G (X, E(S)) with coefficients in S ∈ Sch k such that 
A Zariski square is a Nisnevich square such that both i and p are open immersions; in this case condition (2.1.2) means that S = i(T) ∪ p(S). We say that the cartesian square (2.1.1) is a regular blow-up if i is a regular closed embedding of pure codimension d andS is the blowup of S along T. In general a cartesian square (2.1.1) is an abstract blow-up if i is a closed immersion and p is a proper morphism that induces an isomorphism (S −T) → (S − T). A cd-structure on a small category C is a set P of commutative squares in C which is closed under isomorphisms. A category C with a cd-structure P has an associated Grothendieck topology t P (see [20, Section 2] ). The Zariski and the Nisnevich topologies in Sch k are the topologies generated by the Zariski and the Nisnevich squares, respectively. The cdh topology is the topology on Sch k generated by the combined cd structure which consists of the Nisnevich squares and the abstract blow-up squares. called the t-local injective model structure, which we shall describe presently. Let a t denote the associated sheaf functor from the category of presheaves of abelian groups on C to the category of sheaves of abelian groups on (C, t). A t-local injective weak equivalence is a morphism E → F that induces an isomorphism a t π * E → a t π * F on the associated sheaves of stable homotopy groups. A t-local injective cofibration is a morphism E → F such that E(X) → F (X) is a cofibration for all X ∈ obC. The t-local injective fibrations are defined by the right lifting property. Let E be a presheaf of spectra on C and let (2.1.1) be a diagram in C. We say that E has descent for the square (2.1.1) if the diagram
is homotopy cartesian. Given a cd-structure P on C we say that E has descent for P if it has descent for every square in P . Suppose that P is complete, regular and bounded in the sense of [20, Definitions 2.3, 2.10, and 2.22]. For example, the Zariski, Nisnevich, and combined cd-structures on Sch k have all these properties ([21, Theorem 2.2]). Give C the topology t = t P generated by P and let E → E t be a functorial fibrant replacement for the t-local injective model structure in Spt
Let E be a presheaf of spectra on C. Then E has descent for P if and only if the natural map E → E t is a global weak equivalence [4, Theorem 3.4] . If this is the case we say that E has descent for t (or t-descent).
2.3. dg-Categories. Let k be a field. Let C(k) be the category of cochain complexes of k-modules. Recall that C(k) is a closed symmetric monoidal category with the usual tensor product of complexes. A dg-category (over k) is a C(k)-enriched category in the sense of [13, Section 1.2]. That is, a dg-category A consists of a class of objects obA, a cochain complex of k-modules A(x, y) for every pair of objects (x, y) of A, and a composition morphism
for every triple of objects (x, y, z). These composition morphisms must satisfy the compatibility conditions stated in [19, 2.3.1] . A dg-functor F : A → B is a collection of morphisms of complexes F (x, y) : A(x, y) → B(x, y) compatible with composition and identities. We will write dgCat k for the category of dg-categories and dg-functors over k.
We proceed to recall some standard facts about dg-categories, all of which can be found in [19] . Every dg-category A has an associated category H 0 (A), called its homotopy category, which has the same objects as A and whose hom-sets are given by zero cohomology groups
A dg-functor F : A → B is a quasi-equivalence if the induced functor H 0 (F ) :
We write C(A) for the category of A-modules. The category C(A) has a model structure for which the weak equivalences are the quasi-isomorphisms [11, Theorem 3.2] . The derived category D(A) is by definition the category HoC(A).
A dg-functor F : A → B is a Morita equivalence if the restriction functor F * :
is an equivalence of categories; see [11, 4.6] and [19, Proposition 7] . For example, every quasi-equivalence is a Morita equivalence.
There is a symmetric tensor product ⊗ k which makes dgCat k into a symmetric monoidal category; see [19, Section 4.2].
Pretriangulated dg-categories. Let
It is a fully faithful functor in the dg-sense: for each pair (x, y) the morphism A(x, y) → Hom(Y (x), Y (y)) is an isomorphism of complexes. Let Z 0 (A) be the category with the same objects as A and whose hom-sets are given by the zero cocycles
For example we have
is closed under shifts and cones of morphisms of A-modules; see [11, 4.5] . This notion of pretriangulated dg-category is the same as Keller's notion of exact dg-category [12, 2.1] and Drinfeld's notion of strongly pretriangulated dg-category [8, 2.4] .
The homotopy category H 0 C dg (A) is a triangulated category in a natural way. The Yoneda dg-functor induces a fully faithful functor
If A is pretriangulated, the image of this functor is closed under shifts and cones. Thus, H 0 (A) inherits a triangulated structure from H 0 C dg (A). Any dg-functor F : A → B between pretriangulated dg-categories induces a triangulated functor
In particular, if A is a pretriangulated dg-category and B ⊂ A is a full dg-subcategory which is itself pretriangulated, then H 0 (B) is a full triangulated subcategory of H 0 (A).
dg-Enhancement of schemes.
A dg-enhancement of a triangulated category T is a pretriangulated dg-category T such that H 0 (T ) is triangle equivalent to T . We proceed to construct a dg-enhancement of the derived category D perf (S) of perfect complexes on a scheme S ∈ Sch k [18, Section 2]; we follow [4, Example 2.7]. We start by defining a dg-category Perf S . The objects of Perf S are the perfect bounded above cochain complexes of flat O S -modules whose stalks have cardinality at most the cardinality of the algebraic closure of k. For two of such complexes E and F , let Perf S (E, F ) n be the k-module of families ϕ = (ϕ p ) p∈Z of morphisms ϕ p : E p → E p+n of O S -modules. Let Perf S (E, F ) be the cochain complex of k-modules with components Perf S (E, F ) n and differential given by the usual formula:
The dg-category Perf S is pretriangulated because the shifts of objects of Perf S and the cones of morphisms of complexes between objects of Perf S are themselves objects of Perf S . The category H 0 (Perf S ) is a full triangulated subcategory of the homotopy category of cochain complexes of O S -modules. Let Ac S be the full dgsubcategory of acyclic complexes of Perf S and let Perf S be the Drinfeld quotient Perf S /Ac S [8, 3.1] . Note that Ac S is a pretriangulated dg-category because the shifts of acyclic complexes are acyclic and the cones of morphisms of complexes between acyclic complexes are acyclic too. Hence Perf S is a pretriangulated dgcategory. Moreover, we have equivalences of triangulated categories
Here the equivalence on the left follows from [8, Theorem 3.4] . Thus, Perf S is a dgenhancement of D perf (S). Moreover, a morphism of schemes f : T → S induces a dg-functor f * : Perf S → Perf T by applying the inverse image functor f * degreewise. This is indeed well-defined because we have restricted ourselves to bounded above complexes of flat O S -modules. We have moreover that f
Descent properties of Morita invariant and localizing functors
A functor E : dgCat k → Spt is Morita invariant if it sends Morita equivalences to weak equivalences of spectra. A functor E : dgCat k → Spt is localizing if it sends short exact sequences of dg-categories [11, 4.6 ] to homotopy fibration sequences of spectra.
Examples of Morita invariant and localizing functors are non-connective algebraic K-theory K [16, 3.2.32] as well as Hochschild, cyclic, negative cyclic and periodic cyclic homology, denoted HH, HC, HN and HP [12, 2.4] . These functors recover the classical invariants for schemes when applied to Perf S . Throughout this paper, cyclic homology and its variants are taken over Z. By a result of Thomason, K-theory has descent for Nisnevich squares and for regular-blowup squares [18, 8.1] . By [4, Theorem 2.10] the same happens to cyclic homology. We recall the following generalisation of these results, which is the particular case for dg-categories and schemes over a field of a general result of Tabuada, valid over any commutative ground ring. In the same vein we have the following result. 
and the functor Lj * induces equivalences on the quotients In the same way we construct a filtration of PerfT. As explained in 2.5, the triangulated functors Li * , Lj * , Lp * and Lq * lift to dg-functors i * , j * , p * and q * . It is easily checked that these fit into the following commutative diagram of dg-categories.
After tensoring with A we obtain the following commutative diagram in dgCat k .
To prove the theorem we must show that after applying E the outer square is homotopy cocartesian. It suffices to show that after applying E each small square is homotopy cocartesian. The leftmost square is homotopy cartesian because its horizontal maps are weak equivalences. Indeed, upon taking H 0 , the dg-functors
induce the triangulated functors Lp * and Lq * in (3.3), which are equivalences by [4, Lemma 1.4]. So the dg-functors (3.5) are Morita equivalences. As the functor A⊗ k ? : dgCat k → dgCat k preserves Morita equivalences and E is Morita invariant, the maps E(A ⊗ k p * ) and E(A ⊗ k q * ) are weak equivalences of spectra.
Now consider the following commutative diagram in
dgCat k . A ⊗ k Perf lS A⊗ k j * / / A ⊗ k Perf l+1 S / / A⊗ k j * A ⊗ k (Perf l+1 S /Perf lS ) ψ A ⊗ k Perf lT / / A ⊗ k Perf l+1 T / / A ⊗ k (Perf l+1 T
/Perf
lT )
The rows are exact because tensoring with A preserves exactness [8, Proposition 1.6.3], and hence they give rise to two homotopy fibration sequences of spectra after applying E. Moreover, the morphism ψ is a Morita equivalence. Indeed, H 0 induces the equivalence (3.4) before tensoring with A. Thus, after applying E to the morphism ψ we obtain a weak equivalence of spectra. It follows that the square
is homotopy cartesian. This finishes the proof.
Equivariant homology theories
4.1. Equivariant homology. Let G be a group. Let Or(G) be the category whose objects are the cosets G/H and whose morphisms are the homomorphisms of Gsets. Let Grpd be the category of small groupoids. Let G G : G − Sets → Grpd be the functor which sends a G-set to its transport groupoid. By definition we have obG G (U ) = U and hom G G (U) (x, y) = {g ∈ G/gx = y}. Let F : Grpd → Spt be a functor that sends equivalences of categories to weak equivalences of spectra. As explained in [14, Proposition 157] , F gives rise to a equivariant homology theory putting
for all X ∈ SSet G . In the formula above ⊗ stands for the simplicial action in the simplicial closed model category of spectra: for Y ∈ SSet and E ∈ Spt the spectrum Y ⊗ E is obtained by degreewise application of the functor Y + ∧?. The following lemmas will be used several times.
Lemma 4.1.1. Let F, F ′ : Grpd → Spt be functors and let F → F ′ be an objectwise weak equivalence. Then the map
is a weak equivalence of spectra for all X ∈ SSet G .
Proof. It follows from [7, Lemma 4.6 ].
Lemma 4.1.2. Let I be a small category and let F : I ×Grpd → Spt be a functor. Let E : Grpd → Spt be given by E(G) = hocolim i∈I E(i, G). Let X ∈ SSet G . Then there is an isomorphism of spectra
In particular H G (X, ?) preserves (objectwise) homotopy fibration sequences and homotopy cartesian squares of spectra.
Proof. The last assertion follows from the first one using Lemma 4.1.1 because homotopy fibration sequences and homotopy cartesian squares of spectra are homotopy colimits (they are homotopy cofibration sequences and homotopy cocartesian squares respectively). The first assertion follows from Fubini's theorem for coends and from the fact that tensoring with a simplicial set in a simplicial model category commutes with the integral sign since it is a left adjoint.
4.2.
Equivariant K-theory and cyclic homology. Let k be a field of characteristic zero. Let E : dgCat Q → Spt be a Morita invariant functor.
To every scheme S ∈ Sch k we associate a functor E S : Grpd → Spt putting
Because of Morita invariance, E S sends equivalences of categories to weak equivalences of spectra. Then E S gives rise to an equivariant homology H G (?, E(S)). Note that the assignment S → E S is contravariantly functorial, so a morphism of schemes induces a morphism between the corresponding homologies. In this way we obtain equivariant homologies HN (S) ), and H G (?, HP (S)). To every ring R we associate a functor E R : Grpd → Spt putting
Because of Morita invariance, E R sends equivalences of categories to weak equivalences of spectra. Then E R gives rise to an equivariant homology H G (?, E(R)). Note that the assignment R → E R is covariantly functorial.
Remark 4.2.1. Let S = Spec R be an affine scheme. For every groupoid G the morphism
is a Morita equivalence and we get a weak equivalence E R (G) ≃ E S (G) by Morita invariance. By Lemma 4.1.1 we get
Remark 4.2.2. Let S = Spec R be an affine scheme. Let G be a group and let
is a category equivalence, and in particular a quasi-equivalence. By Morita invariance and Remark 4.2.1 we get a weak equivalence
3) Note that this weak equivalence is natural in E but not in G/H.
4.3.
Equivariant Chern character and infinitesimal K-theory. Let A be a (not necessarily commutative) k-algebra. The infinitesimal K-theory K inf (A) is the homotopy fiber of the Chern character K(A) → HN (A). In this section we define a natural Chern character K S (G) → HN S (G) that coincides with the classical one when S is affine and
Zariski-local weak equivalence because both presheaves coincide on affine schemes.
By Morita invariance we have 
Note that the presheaves K ? (G) and HN ? (G) have Zariski descent by Theorem 3.1. The morphisms θ K , θ HN , η K and η HN are global weak equivalences beacause they are Zariski-local weak equivalences between presheaves that satisfy Zariski descent. These weak equivalences and the morphism ch aff zar define a Chern character map ch : K S (G) → HN S (G). It is clear that this map is natural in G and coincides with the usual Chern character in the affine case.
For S ∈ Sch k we define K
Because the Chern character defined above coincides with the usual one in the affine case, there is a weak equivalence
which is natural in R. The functor K inf S sends equivalences of categories to weak equivalences of spectra because both K S and HN S have that property. Thus K inf S gives rise to an equivariant homology theory H G (?, K inf (S)). By Lemma 4.1.2 there is a homotopy fibration sequence
for every X ∈ SSet G and every S ∈ Sch k .
Descent results for equivariant homologies
Lemma 5.1. Let X ∈ SSet G and let E ∈ {K, HH, HC, HN, HP, K inf }. Then the presheaf of spectra H G (X, E(?)) has Nisnevich descent and descent for regularblowup squares in Sch k .
Proof. Let E ∈ {K, HH, HC, HN, HP } and let (2.1.1) be a Nisnevich square (resp. a regular blowup square). Theorem 3.1 (resp. Theorem 3.2) implies that the square
is homotopy cartesian for every groupoid G. It follows from Lemma 4.1.2 that H G (X, E(?)) sends (2.1.1) into a homotopy cartesian square of spectra. In the case of K inf the assertion follows from the corresponding statements for K and HN and from the homotopy fibration sequence (4.3.3).
The following lemma states that H G (X, E(?)) has cdh-descent on Sch k for E ∈ {HP, K inf }. We first recall some definitions and results. Let Ass be the category of rings, and let C ⊂ Ass be a subcategory. Let F : C → Spt be a functor. We say that F satisfies excision if it sends Milnor squares in C to homotopy cartesian squares of spectra.
The Cuntz-Quillen theorem ( [6] ) establishes excision for HP of Q-algebras. Excision for infinitesimal K-theory of Q-algebras was proved in [2] . Let F be a presheaf of spectra on Sch k . Assume that F satisfies Zariski descent. We say that F satisfies excision (resp. is nilinvariant ) if R → F (Spec R) satisfies excision (resp. is nilinvariant) on the category of commutative k-algebras of finite type.
We recall the following criterion for cdh-descent.
Theorem 5.4 ([4, Theorem 3.12]). Let F be a presheaf of spectra on Sch k . Suppose that F satisfies excision, nilinvariance, Nisnevich descent and descent for regularblowup squares. Then F has cdh-descent.
Proposition 5.5. Let X ∈ SSet G and let E ∈ {HP, K inf }. Then the presheaf of spectra H G (X, E(?)) has cdh-descent on Sch k .
Proof. The result will follow from Theorem 5.4. The presheaf H G (X, E(?)) has Nisnevich descent and descent for regular-blowup squares by Lemma 5.1. Let f : R → S be a morphism of commutative k-algebras and let I be an ideal of R which is mapped isomorphically onto an ideal J of S. Let G/H ∈ OrG. [6] and [2] imply that the square
is homotopy cartesian. The equivalences (4.2.3) and (4.3.2) imply that the following square is homotopy cartesian:
Excision for H G (X, E(?)) now follows from the proof of Lemma 4. Choose a fibrant replacement functor F → F cdh for the cdh-local injective model structure in the category of presheaves of spectra on Sch k . For a presheaf F let F F be the homotopy fiber of the natural morphism F → F cdh . Then for every S ∈ Sch k we have a homotopy fibration sequence
Theorem 5.7 (cf. [5, Theorem 1.6]). Let G be a group and X a G-space. Also let k be a field of characteristic zero and S ∈ Sch k . Then there is a homotopy fibration sequence
Proof. It follows from Proposition 5.5 by the argument of [5, Theorem 1.6].
Isomorphism conjectures
Let G be a group. A family of subgroups of G is a nonempty set F of subgroups of G which is closed under conjugation and subgroups. Examples include the trivial family {1} and the families Cyc and Vcyc of cyclic and virtually cyclic subgroups. Let F be a family of subgroups of G. An equivariant map X → Y of G-spaces is called an F -equivalence (resp. fibration) if for every H ∈ F the map
between fixed points is a weak equivalence (resp. a fibration). By [3, Proposition 2.3] there is a model structure in the category SSet G where the weak equivalences and the fibrations are the (G, F )-equivalences and fibrations. Let R be a ring. The strong isomorphism conjecture for the cuadruple (G, F , E, R) states that H G (?, E(R)) sends (G, F )-equivalences to weak equivalences of spectra. Let E(G, F ) → pt be a cofibrant replacement of the one point space for the model structure described above. The isomorphism conjecture for the cuadruple (G, F , E, R) states that H G (?, E(R)) sends E(G, F ) → pt to a weak equivalence of spectra. The K-theoretic Farrell-Jones conjecture for a group G with coefficients in R is the isomorphism conjecture for the quadruple (G, Vcyc, K, R); it asserts that the map
is a weak equivalence. By a result of Lück and Reich [15, Theorem 1.7 ] the strong isomorphism conjecture with coefficients in HC(R) holds for any group G and any family F containing all cyclic subgroups of G. We shall prove a variant of Lück-Reich's result with7. Application: torsion-free, geometrically finite groups of finite asymptotic dimension
The results of this section concern finitely generated groups which are geometrically finite and have finite asymptotic dimension. Recall that a group G is geometrically finite if it admits a classifying space K(G, 1) which is a finite complex. The asymptotic dimension of a finitely generated group G is its asymptotic dimension as a metric space with the word-length metric. The asymptotic dimension of a metric space X is the smallest number n such that for any d > 0 there is a uniformly bounded cover U of X such that any metric ball of radius d in X meets no more than n + 1 elements of the cover U.
We recall the following result, due to Carlsson and Goldfarb. Let G be a torsion-free, geometrically-finite group of finite asymptotic dimension. Let R be a regular noetherian ring of finite homological dimension. Then the assembly map
is a weak equivalence of spectra.
Combining Theorems 7.1 and 6.5 we obtain the following result.
Theorem 7.2. Let G be a torsion-free geometrically-finite group of finite asymptotic dimension. Let R be a commutative Q-algebra. Then G satisfies the FarrellJones conjecture (6.1) with coefficients in R.
Proof. Because G is torsion-free, Cyc and Vcyc coincide. Moreover if R is regular noetherian, then the relative assembly map
is a weak equivalence, by [14, Proposition 66 ]. Thus we can replace E(G, {1}) by E(G, Cyc) = E(G, Vcyc) in Theorem 7.1. In particular Theorem 7.1 implies the Farrell-Jones conjecture for groups as in the theorem, with coefficients in a smooth commutative Q-algebra. By Corollary 6.6 this implies that the conjecture also holds for any commutative Q-algebra R.
